We calculate the one-loop contributions to the polarization operator for scalar quantum electrodynamics in different external electromagnetic and gravitational fields. In the case of gravity, de Sitter space and its different patches were considered. It is shown that the Debye mass appears only in the case of alpha-vacuum in the Expanding Poincare Patch. It can be shown either by direct computations or by using analytical and causal properties of the de Sitter space. Also, the case of constant electric field is considered and the Debye mass is calculated.
Introduction
One of the problems of the modern theoretical physics is the understanding of quantum field theory in the external gravitational or electromagnetic fields. These two problems at the first glance seem to be very different, but they share a lot of similarities and common properties. For instance, particle production occurs in both situations [1, 2] . Moreover, it is well-known that the constant electric field and de Sitter space-time share a lot of common infrared properties. Thus, both of them acquire large secularly growing contributions [3] [4] [5] [6] [7] [8] [9] [9] [10] [11] [12] [13] [14] [15] [16] , that distort the tree-level picture by loop effects and can possibly destroy the initial background.
In the case of gravity it is extremely difficult even to solve a free field theory for the general gravity background, but in the case of highly symmetric space-times like de Sitter calculations simplify and in principle can be done. Also, because the de Sitter space-time perhaps well describes the universe immediately after the Big Bang, quantum field theory in such a background is a very interesting topic for physics community. One of the effects that makes de Sitter space-time different from the Minkowski is the appearance of temperature that is proportional to the Hubble constant of de Sitter space-time T dS = H 2π if we release a detector in the de Sitter space-time that has some energy levels, eventually we get an excited detector with a energy distribution like thermal with a temperature T dS [2] . It gives rise to some questions concerning the physical origin of this temperature. For example, it is well-known that in plasma the temperature gives photon a mass, that is called the Debye mass. Does this effect happen in de Sitter space-time? If yes, is the photon mass determined by the temperature T dS , does it depend on the choice of the vacuum state? Also, the value of the photon mass can indicate different divergences that are emergent in the de Sitter space.
For example, if the square mass is negative, we have a direct sign of instability -any initial perturbation will be amplified. Or the mass can become very large or even UV divergent, it means that any charge will be eventually screened. This question can be projected to the problem of understanding of the stability of de Sitter space-time itself. Indeed, if the photon aquires a mass, a graviton can also get it. In the case of thermal state in a flat space-time this mass is negative that leads to the Jeans' gravitational instability [17] [18] [19] . The same scenario can happen also in the case of the impulse or eternal electric field. Due to the particle production, photon in such a medium can acquire a non-zero mass. If this mass is negative or very large, the initial electric field will be destroyed.
Below we will discuss how to define the Debye and magnetic masses for a curved gravitational background and perform calculations for de Sitter space-time for different types of invariant vacua. We will get that there is no Debye mass for the case of Bunch-Davies vacuum, but there is a non-zero photon mass for any alpha-vacuum or for the de Sitter broken phase, while magnetic mass is equal zero for any chosen initial state. The analogous calculations will be done for the case of the constant electric field and the impulse, it will be shown that the Debye mass diverges linearly with the growth of time in the both situations.
The last statement is similar to the linear growth of the electric current in the Schwinger effect [3, 9, 12] 2 Polarization operator in curved space-time
In this section we will define Debye-mass for scalar quantum electrodynamics on a some gravitational background, that we specify later.
spatial coordinates and the metric is diagonal. Also, because the system is not at the equilibrium (for example the external gravitational field may depend on time) we will use Schwinger-Keldysh diagrammatic technique to calculate the polarization operator for photon.
In this technique the number of fields is doubled: for every field we have a classical field, that can be thought as its value, and the quantum part, that can be considered as a fluctuation and gives the information about the spectrum of the system [20, 21] . Despite the fact that this technique is computationally difficult, it gives some advantages in comparison to the Feynman one, e.g. that we can write down the classical equations of motion deformed by quantum effects for the classical field [22] :
where x is the corresponding wave operator for the vector field under some gauge conditions in the given space-time, for simplicity we consider Coloumb gauge ∂ α A α = 0, that explicitly breaks the internal coordinate reparamtrization invariance.
The polarization operator in the eq. (2.2) has the following form:
where J µ (x, t) is a current operator for the given quantum field theory and Ψ is an arbitrary state of the system. If the system is invariant under spatial translations we make a Fourier transformation of the polarization operator (2.3)
The equations of motions (2.2) can be thought also as the application of Kubo formula [23] . Indeed, the polarization operator (2.4) has a form of a current susceptibility of the media to the presence of external electromagnetic field A µ (x, t). And we try to take into account the influence of the induced currents on the external electromagnetic field.
If we assume that the field A µ (x, t) changes slowly in comparison with the scalar field fluctuations or with the polarization operator Π µν (x, t|y, t ) then we can assume that A ν (x, t) ≈ A ν (y, t ) to obtain
The last term in this equation has the form similar to the mass term, but because it has a tensor structure, this mass will depend on the polarization. To understand better its tensor structure we can make the Fourier transformation of (2.4) in spatial directions and constraint it with the use of SO(3) symmetry and Ward identities. Then we get
Where α, β indexes run over the spatial directions, dots stands for the covariant differentiation with respect to the timeḟ (t) = ∂ t (a −2 (t)f (t)). Substiting these expressions into the equations of motion (2.2) with the use of the Coloumb gauge we get
where p is an image of spatial Fourier transformation of the wave operator x , that was introduced above.
So we can separate equations for A α and A 0 fields. Therefore we can introduce two notions of mass like we did above
If there is a limit at t → ∞ for these functions we introduce And the equations (2.7) will be rewritten as
That indicates the appearance of the mass for the electromagnetic field (because the dispersion relation for the photon has a gap). The first one corresponds to the electric, or just a Debye mass, while the second one corresponds to the appearance of magnetic mass. If the magnetic mass is not equal to zero, it leads to the superconductivity [24] . If the mass (2.8)
vanishes, we can expand it at small q the next term will proportional to the momentum q and corresponds to the electric, magnetic susceptibility and the conductivity of the state. If we get, e.g. that m
2
Deb is negative or very big, it means that the system either in the state of instability or any initial electromagnetic field will be effectively screened.
General properties of magnetic and Debye masses in the curved background
In this section we consider the general case of a gravitational background with SO (3) spatial symmetry and discuss the general features of the magnetic and debye mass in the presence of an external gravitational field. Let us choose some definition of the vacuum state and make the decomposition of the field φ through creation and annihilation operators
In order to satisfy the usual commutation relations the harmonics satisfy the Klein-Gordon equation
Further we will consider only the vacuum state, that is nullified by the annihilation operators
Then with the use of Keldysh-Schwinger diagrammatic technique we can calculate explicitly the magnetic and electric mass. To do it we need to sum up the contributions from two diagrams [22] (see the figure 1 ). One can show that the Debye mass doesn't get any UV divergences. Eventaully, we get the following expressions for masses according to the formulas (2.8)
and for the case of magnetic mass we have
Note that sometimes we can take the limit t → ∞ to understand the behaviour of the system after the interaction, also this limit should be taken before taking the limit q → 0, otherwise we get zero due to the charge conservation. For instance, in the case of quantum electrodynamics in the flat space in an excited state we have [25] :
, From where it follows that:
So formally, Π 00 (0, ω) = 0, but the Debye mass is not equal to zero, if n q is non-trivial. In general case we are not able to take the limit t → ∞ because of the presence of the external fields.
We can show that the magnetic mass is identical equal to zero. To do this we will use the equations of motions for the modes. Then with the use of quantum mechanical perturbation theory one can prove the following identity 6) then the equation (3.4) can be rewritten as
Where in the last line we have integrated by parts the first term and used the relation ∂ pα p β = δ αβ . It would be interesting to consider the general case (no spatial SO (3) and translational invariance, with off-diagonal components of metric) and investigate the conditions under which magnetic mass appears. Also it would be useful to prove that magnetic mass is equal to zero at all orders of perturbation theory. Due to the difficultity of this problem we will leave it for the future research.
Now let us consider the Debye mass. For the general case we can't prove that it is equal to zero. Nevertheless as it was shown above it can appear only due to the some singularities if we take the lower limit of the integration over t in (3.3) to −∞. Indeed, let us rewrite the formula for the Debye mass as a commutator
Because when we take the limit q → 0 the operators under integrals become just total charges lim q→0 J 0 (t, q) ∝ Q, that trivially commutes with any operator due to the charge conservation we can easily shift the upper limit of the integration t →t:
So if the integral converges it means that there is no Debye mass in the system. For example, one can check that for Minkowski space-time and vacuum state harmonics behave like f p (t) ∼ e −iωpt with some dispersion relation ω = ω p . Such a behavior doesn't lead to singularities at t → −∞. While if there is a linear combination of exponents it can lead to the photon mass [22, 26] . Indeed, consider
It is known that |β p | 2 can be interpreted as the number of the quasiparticles n p at the given level p. Then we obtain the classical formula for Debye mass (compare it to (3.5))
The minus sign shows that the photon mass is positive if 
Expanding Poincare Patch
In the expanding patch of de Sitter space-time the metric has the following form [11] 
Where we set the Hubble constant tp be one, H = 1, and the conformal time changes from +∞ to 0 from the past to future infinity. Also we will only consider the case of massive fields in the de Sitter m >
, the case of light fields is similar, but a little bit harder to consider. The harmonics in such a case are linear combinations of Hankel's functions
If β = 0 then this vacuum is named after Bunch and Davies [27] . This vacuum has some nice properties when the interactions are switched off. It can be thought as an analog of usual Minkowski vacuum in de Sitter space-time [3, 11] . It means that in the distant past (η = ∞) modes are just plane waves e ipη . If β = 0 we will name such a state as an alpha vacuum [28] . The last states are usually considered to be unphysical due to the incorrect UV behavior, nevertheless they are function of a geodesic distance Z on a de-Sitter space and therefore could respect de Sitter invariance (at least on a tree level). Therefore, it is interesting to consider alpha-vacuums and compare to the Bunch-Davies(BD) state.
In terms of this modes the Debye mass is 
It can be seen that the mass is divergent at the large p and also may be negative for specific chosen alpha-vacuums. This indicates, that the alpha-vacuum can effectively screen any charge. The same effect can happen for the gravitational mass. In such a case, large mass can drastically change the de Sitter solution or even make it unstable.
The difference between alpha vacuums and the Bunch Davies vacuum can be shown in the following way. In the BD vacuum propagators have a good analytic propertieŝ
Note the i prescription in this equation. All two point functions for BD vacuums such as polarization operators will have the same i prescriptions for time, even after Fourier transformation over the spatial coordinates. Now let us use this property in the formula for
Debye mass in Kubo representation
Because of the analytic properties discussed above this integral can be seen as the integral of the analytic function Π 00 (η ) = J 0 (k, η)J 0 (−k, η ) of the variable η , where the contour goes from +∞ − i to η − i turns up and goes from η + i to +∞ + i . This allows us to make the integral (4.5) convergent by slightly changing the contour η → (1 + iδ)η. Therefore we can interchange the integral and the limit to get
This proof will not work for other vacuums, because the functions will not be analytic on the whole Riemann surface, for example, η = ∞ will have an essential singularity. Namely, the product of two Green functions for an alpha-vacuum contains two cuts and contour lies between them. Also the fact that the Debye mass for electric field is equal to zero for BunchDavies vacuum can be shown in the following way. The Bunch-Davies vacuum is the only state that respects the de Sitter isometry at any level of perturbation theory, while any alpha vacuum does break the global de Sitter symmetry even in the first loop [3, 11] . The proof will work for our situation, because of this if we get nonzero photon mass m 
Therefore we should get the non-zero magnetic mass, but as it was shown above it is equal to zero for any choice of gravitational background. The similar calculation was done in a locally de Sitter space-time for a nearly minimal coupled, light scalar field [29] [30] [31] , but the conclusions are different.
Static coordinates
In this section we consider the static patch of EPP and calculate the Debye mass for the vacuum state (see figure 2) . Because the Keldysh-Schwinger diagrammatic technique is causal, the calculation in static de Sitter and EPP should coincide for a proper choice of the state. We do not think, that the BD state in the EPP corresponds to the vacuum state in the static coordinates. In some sense the static de Sitter is similar to Rindler space. In the latter case the thermal propagator in Rindler space corresponds to the usual Minkowski propagator [32] , therefore one would except the emergence of photon mass in
Rindler space, while in the Minkowski space photon mass of the vacuum state must be equal to zero. Therefore it is interesting to investigate the difference between this situations also in the case of the de Sitter space. Because the thermal propagator for the static de-Sitter is unknown, we consider only the case of the vacuum state of static de Sitter.
The metric of static de Sitter is
The equations of motion for modes are
The modes behave as
where h ω,l,m (r) satisfies the following equation 
Contracting Poincare Patch
For the case of the Contracting Poincare Patch we have the same modes and the same expression for Debye mass of photon (4.3), but the integration over time goes from 0 (the time is reserved in the case of CPP). So, we have
(4.14)
One can check that there are no additional divergences in the lower limit of integration over η → 0, because all harmonics behave well as the argument goes to zero. As it was discussed before eq. (3.9) in such a case we can set η = 0 and get immediately that m different. In order to prevent such an ambiguity we take the limit of small q and don't take the limit of big η. Immediately, we get that this limit is equivalent to the case when we keep q fixed and send η → 0. That gives us that m 2 Deb = 0. The limit when we take qη to be equal infinity, corresponds to the EPP and will give us the same answer as in the previous subsection.
In the previous section we showed that there is no photon mass for Bunch-Davies vacuum, while for an alpha-vacuum there is a photon mass. One can ask what is a crucial difference between these two cases? The answer is the following. In the case of CPP, the causal structure is quite simple. There is only a compact set of points, that are causally connected to a given point. It leads to the absence of photon mass. Indeed, the coordinate representation of the Debye mass is as usual
Also there is no singularity on the lower limit of the integration over η , because in this case the correlator goes to the zero. Now we have to integrate over spatial coordinates only in a ball of radius η, because only there lie points causally connected to the point of observation (η, x). Therefore we get
The integrand of (4.16) is a continuous function without singularities, because we integrate over a compact space we can interchange integrals over time and space, and get zero due to the charge conservation. However, if we calculate the higher loops, there are IR divergences [3, 11] . They may break the above proof. Indeed, we can simply interchange the integrals over space and time, because we do not have divergences on the lower limit of the integration over η .
The conclusions about different photon masses in the case of EPP and CPP cases may be surprising, because as it was said above these patches are different only by the direction of time arrow. Nevertheless, this small difference brings a huge discrepancy between the dynamics of the systems. E.g., in the CPP the initial Cauchy surface is space-like, while in the EPP it is light-like, in the CPP there are IR divergences, while in the EPP there is only large IR contributions [3, 11] .
Also, one can state that any point in the EPP lays in some CPP, so we should conclude that m EP P Deb = m CP P Deb = 0 even for alpha-vaccum. This contradiction is easy to resolve. When we get the m EP P Deb we indeed integrate the same propagators, but not over the whole space, but only over the half of the space. So it can lead to the different results.
Global De-Sitter
In the case of Global De-Sitter we have a problem with defining a photon mass. This can be seen as follows. The spatial cross-section is a three-dimensional sphere S 3 , that is compact. Hence, the spatial momentum of an electric potential A 0 (x, t) is discrete and numerates by M with the eigenfunctions Y M ( x). Because there is a gauge transformation
, where f (t) is arbitrary, it is easy to see that the case of M = 0, Y 0 ( x) = 1 corresponds to the gauge degrees of freedom. It gives that physical photons must have a non-zero spatial momentum and we can not see whether there is a gap or not. In such a case formally we have to assign a zero Debye mass in order to keep gauge invariance.
In the case of Minkowski space-time we had a similar problem, that the photons with k = 0 are really unphysical, but we can investigate the spectrum near k because k is non-discrete.
The above reasoning also gives us that the polarization operator should be equal to zero as we choose M = 0. More formally, the polarization operator is
where Q M is defined as
and γ is a determinant of the spatial metric.
Because of M is discrete, we cannot take the limit M → 0 and that leads to
because of the charge conservation. Let us express the Π 0 0 (t, x|t , x ) as a series
Where M and M numerate modes on the spatial section. The case M = 0 corresponds to the zero mode, that is just a constant. Again, it is easy to see that such a term in the eq.
Where we have used that the total charge of the system is equal to zero Q |Ψ = 0. It can happen if and only if Π 0 0 (0, M , t, t ) ≡ 0. Therefore we get that in the eq. (4.19) M = 0 and M = 0. As we discussed above there is no such a notion as a Debye mass in the compact case, but we can formally check that the gauge degrees of freedom does not acquire a mass.
So we can follow the usual procedure and integrate over t to calculate the mass 
Breaking De-Sitter invariance
In this subsection we consider the case when the de Sitter symmetry is broken. Namely we consider a situation with an inflation described by the Expanding Poincare Patch, but the scale parameter a(t) is switched off in a while
After the expansion phase the system will be in an excited state. We can find this state by gluing modes at the moments when de Sitter was switched off and on (see the paper [33] ).
We get the following level population in the limit T → ∞
2 and m is a mass of the scalar field.
In such a case we can use the above formula for Minkowski space-time that gives us
The formula is different from the Debye mass for a thermal state with Gibbons-Hawking
, it happens because of the infinite blue-shift during the expansion phase.
One can expect then, that we should get the same answer for the case of the CPP with the contraction switched off after a while. However this means that we will get a contradiction with the above calculation of the Debye mass in CPP, because the same reasoning as in that case leads to the zero photon mass. This contradiction is easy to resolve. Indeed, we know that the limits of small q and distant future do not commute. But in the case when we switch off the contraction there is no such a problem and we can take the limit of the distant future and get the non-zero photon mass.
Let us consider the case when the EPP was turned on at some moment η 0 . In this case after gluing modes will be described as follows
As one can notice, there is no singularity from the switching on the EPP, effectively if one changes all momentum to the physical ones in eq. (4.3), he gets that the border between two states goes down µ = µ η η 0 → 0, η → 0. So, we would expect that the state will be described by Bunch-Davies and that will not give any photon mass.
Debye mass in strong electric field
In this section we derive the photon mass for Schwinger process. We assume that the electric field was never turned on, i.e. it always exists. The situation is similar to the de Sitter one, where we assumed the eternal inflation. And indeed, the IR properties in this two situation are similar and were discussed in many papers [3, 4, 9, 12] .
We choose the spatial gauge A 1 = −Et, A ⊥ = 0. In this case the modes obeying the following equations
Solutions to this are parabolic cylindric functions. In this case we cannot define modes that are similar to the Bunch-Davies ones in EPP, because in the limit of large times modes are not simple plane waves. Therefore we choose the following boundary conditions [3, 12] : where
The photon mass in such a case can be calculated in the similar way and the result is:
It is easy to see that there are no divergences as q ⊥ → 0, the possible divergence may appear only when q 1 → 0. One can notice that the dependence on time t can be removed. Indeed let redefine in (5.3) all momentums into the physical ones p phys = p 1 + eEt. Then we have
Now we can calculate the photon mass. The integral has a singularity
That eventually gives us
Where a prime corresponds to the differentiation with respect to the p 1 . One can notice that this integral actually diverges quadrically, when p 1 → ∞. It shows again that the eternal electric field is unphysical. Namely, a perturbation of the electric field may lead to the decay to another state [9, 12] .
To understand the meaning of this divergence we consider the case when the electric field was turned on at some moment. So we have the electric impulse: the field was switched on, worked for a time T and turned off after. The only modes that have crossed the horizon are excited [4] . It will give the following level population [1] : −eET dp 1 2π p 1 dp This mass may be large for sufficiently long impulse. It means that any electric field is screened, including the initial impulse. That mean a long electric impulse is a unphysical situations and in order to understand the better the situation we have to take into account the backreaction of the scalar field on the electromagnetic field.
Conclusion
In this paper we discuss the Debye and magnetic photon masses in the framework of particle creation by the external electromagnetic and gravitational fields. We argue that for the alpha vacuums in de Sitter space-time there is a non-zero Debye mass, while it is vanishing for the Bunch-Davies vacuum, which is an analog of the usual Minkowski vacuum.
The last fact can be considered as consequence of the analytical properties of Green functions for Bunch-Davies vacuum. These properties also lead to the de Sitter invariance of the loop corrections in the Expanding Poincare Patch [3] .
Also, the cases of Global De-Sitter and Contracting Poincare Patch were considered. It was shown that for any chosen vacuum there is no photon mass. These observation lead to the question of the physical meaning and relevance of the Gibbons-Hawking temperature.
The same calculations were done for the eternal electric field and impulse, that features the appearance of a very large Debye mass, that can indicate that the considered situations are unphysical. In this paper we did not calculate the higher corrections to the photon mass and used only initial propagators. As it was shown [3, 11] these propagators receive large IR contributions. It would be interesting to investigate the effect of these large IR loop contributions to the Debye mass. Also it would be interesting to consider gravitational mass and its impact on quantum field systems.
